Abstract. We define invariants for colored oriented spatial graphs by generalizing CM invariants [6] , which were defined via non-integral highest weight representations of Uq(sl2). We apply the same method to define Yokota's invariants [21] , and we call these invariants Yokota type invariants. Then we propose a volume conjecture of the Yokota type invariants of plane graphs which relates to volumes of hyperbolic polyhedra corresponding to the graphs, and check it numerically for some square pyramids and pentagonal pyramids.
introduction
In this paper, we define quantum invariants for colored oriented spatial graphs and propose a volume conjecture of these invariants of plane graphs which relates to volumes of hyperbolic convex polyhedra corresponding to the graphs. The part of this paper was announced in [11] .
In low dimensional topology, the volume conjecture is an open problem which gives a relation between quantum invariants of knots, which are defined combinatorially from representations of the quantum group U q (sl 2 ), and geometric invariants like the hyperbolic volumes of their complements. The original volume conjecture was proposed by R. Kashaev [7] using the Kashaev invariants, then reformulated by H. Murakami and the second author using the colored Jones polynomial [12] . Let J n,K (q) be the n-th colored Jones polynomial of a knot K which is defined from an n-dimensional representation of U q (sl 2 ). The conjecture say that, for a hyperbolic knot K in S 3 , the hyperbolic volume of its complement appears in the growth rate of the value of the n-th colored Jones polynomial J n,k (exp(2πi/n)): lim n→∞ 2π n log( |J n,k (exp(2πi/n))| ) = Vol(S 3 \ k), (i.e. |J n,k (exp(2πi/n))| ∼ exp nVol(S 3 \ k) 2π as n → ∞.)
Many versions of the volume conjecture were proposed [14] , [13] , [5] , [17] . For the quantum invariants of trivalent spatial graphs, some volume conjectures were proposed and partially proved. F. Costantino and the second author defined invariants for framed oriented colored trivalent graphs through non-integral highest weight representations of U q (sl 2 ) [6] . We refer to these invariants as CM invariants in this paper. It was proved that the CM invariants have the volume conjecture type relation for tetrahedron graphs. The restriction of the CM invariant to links is the colored Alexander invariant [1] , [15] . For this invariant, a volume conjecture was proposed which relates to the volumes of cone manifolds whose cone singular sets are links [16] , [3] . The volume conjecture for augmented graphs was proved [19] and the volume conjecture of the Kauffman brackets of plane trivalent graphs (or the Kirillov-Reshetikhin invariants [8] ) was proposed [4] , which relates to volumes of the hyperbolic polyhedra whose one-skeletons are the plane graphs.
In this paper, the CM invariants are generalized for multivalent graphs and their volume conjecture is extended for general hyperbolic convex polyhedra. We define invariants of colored oriented spatial graphs whose valencies are more than or equal to three. We call these invariants Yokota type invariants since they are constructed by the same method to define Yokota's invariants [21] . Y. Yokota applied his method to the Kirillov-Reshetikhin invariants for trivalent graphs, and here we apply it to the CM invariants. As a natural extension, the Yokota type invariants should have the same property as the volume conjecture which gives a relation between the Yokota type invariants of a plane graph and the volume of a hyperbolic convex polyhedron whose one-skeleton coincides with the plane graph. We show numerical calculations to check this property for some hyperbolic square pyramids and pentagonal pyramids.
The present paper is organized as follows. We review the CM invariants and their properties in Section 2. In Section 3, we define the Yokota type invariants and propose a volume conjecture for them. In Section 4, we show numerical calculations of the Yokota type invariants and observe their relations to the hyperbolic volumes.
CM invariants
In this section, we review CM invariants · CM for framed oriented colored trivalent graphs (see [6] for details). These invariants are defined through n-dimensional non-integral highest weight representations of U ξn (sl 2 ), where n ∈ N and ξ n is the 2n-th primitive root of unity exp(π √ −1/n). Here, trivalent graphs may have circle components. For a non-half-integer complex number a ∈ C \ 1 2 Z, an n-dimensional representation ρ a : U ξn (sl 2 ) → End(V a ) is determine, where ρ a has the highest weight a and V a is an n-dimensional vector space.
Let Γ be a framed oriented trivalent graph. In a diagram, the framing is given by the blackboard framing. A color is a non-half-integer complex number which represents a highest weight of the representation of U ξn (sl 2 ). We attach colors a, b, . . . to edges of Γ (Figure 1 left) and make a map from the edges of Γ to the representation spaces V a , V b , . . . . The isomorphism between a dual space (V a ) * and V n−1−a induces the correspondence between an a colored oriented edge and an n − 1 − a colored opposite direction edge and we identify such two edges (Figure 1 right) . We put a = n − 1 − a. For a trivalent vertex of Γ, if the colors a, b, c of three edges around the vertex satisfy the following condition, we have a representation for the vertex canonically:
where the orientations of the three edges are all toward the vertex. We say that three colors of edges around a vertex are admissible if they satisfy the above condition. In the following, we assume three colors around every trivalent vertex are admissible and variable colors in summations run over all admissible colors, unless otherwise noted.
In [6] , CM invariants of Γ are defined through representations of U ξn (sl 2 ) obtained from a (1, 1)-tangle T which is made by cutting any one edge of Γ. CM invariants are also calculated axiomatically by some local relations of diagrams. We shall see the relations. We prepare notations:
The following identities hold:
The 6j-symbols { · } are the values determined by six colors. They are defined as coefficients of the relation (8) below. For a, b, c, d, e, f ∈ C\ 1 2 Z such that a+b−c, a+f −e, b+d−f, d+c−e ∈ Z, the 6j-symbols are calculated by the following formula:
n−1+B af e 2f + n 2f + 1
where s = max(0, −B bdf + B cde ), S = min(B cde , B af e ), A xyz = x + y + z and B xyz = x + y − z. The 6j-symbols satisfy the orthogonal relation:
where f ranges over all the complex numbers such that both b + d − f and f + a − e are in {0, 1, . . . , n − 1}. Let { · } tet be the value of the CM invariant of a tetrahedron graph, then they are described by using the 6j-symbols:
From isotopies and rotations of the tetrahedron graph, we have symmetry relations of { · } tet . We show one of them for later use. Other relations are in Appendix A.
CM invariants can be calculated axiomatically using following formulas for changes of diagrams: 
Remark 2.1. Let Γ be a framed oriented colored trivalent graph. The CM invariant of the mirror image of Γ is the complex conjugate of the CM invariant of Γ due to (5) and (6) . Since a plane graph is isotopic to its mirror image, the CM invariant of a plane graph is a real number. for every color a of edges. Thus, if we attach a half-integer color to an edge of a graph formally, CM invariants may not be determined. It was proved in [6] , however, that { · } tet is well-defined even for half-integer colors.
2.1. Volume conjecture of CM invariants. It was proved that CM invariants of tetrahedron graphs are related to the hyperbolic volumes of ideal and truncated tetrahedra ( Figure 2 left; for details see [18] for example). The shape of a tetrahedron in the hyperbolic space is determined by its six dihedral angles. An ideal tetrahedron is a hyperbolic tetrahedron whose vertices are all at infinity points of the hyperbolic space. A pair of opposite edges of ideal tetrahedra has the same dihedral angle. Therefore an shape of an ideal tetrahedron is determined by the three dihedral angles α, β, γ. It is known that they satisfy α + β + γ = π. In the Klein model of hyperbolic space, we can consider tetrahedron whose vertices are at the "outside" of the hyperbolic space (Figure 2 right) . For every vertex of this tetrahedron, there is just one geodesic surface which intersects perpendicularly to each of the three faces around the vertex. Cutting the tetrahedron by the surfaces at all vertices, we have a finite polyhedron in the hyperbolic space. This polyhedron is called a truncated tetrahedron. The three dihedral angles α, β, γ at the edges adjacent to an "outside" vertex satisfy α + β + γ < π.
, Figure 2 . Rough images of ideal and truncated tetrahedra (left), a vertex outside the hyperbolic space and a cutting surface (gray) (right).
Theorem 2.3 ([6]
). Let S be a hyperbolic tetrahedron, let θ a , · · · , θ f be dihedral angles of S and let a n , · · · , f n be sequences of integer colors such that lim n→∞
The CM invariants of tetrahedron graphs { · } tet with the corresponding colors to the dihedral angles of S satisfy the following formulas: if S is ideal (i.e. the dihedral angles of the opposite edges are equal),
If S is a truncated tetrahedron,
Vol(S) = lim n→∞ π 2n log a n b n c n d n e n f n tet a n b n c n d n e n f n tet .
Remark 2.4. The value inside the log(·) of (12) does not depend on the orientations of the tetrahedral graph by the following lemma and the symmetry relations of { · } tet (see Appendix A).
Lemma 2.5. For integer colors a, b, c, d, e, f , the following holds:
Proof. See Appendix B.
Remark 2.6. The relation (9) corresponds to cutting a tetrahedron from a polyhedron with a truncation surface ( Figure 3 ). Thus for convex polyhedra which are made of tetrahedra by gluing their truncated surfaces, the similar formula to (11) hold, which relates the CM invariants of their one-skeleton graphs to their hyperbolic volumes.
A correspondence between the relation (9) and cutting off a tetrahedron.
Yokota type invariants
In this section, we introduce Yokota type invariants which are invariants of oriented colored spatial graphs whose valencies are more than or equal to three. These invariants are constructed from the CM invariants. We also propose a volume conjecture for the Yokota type invariants of plane graphs which relates to the volumes of hyperbolic convex polyhedra.
3.1. Definition of Yokota type invariants. Using the similar way to define Yokota's invariants [21] (see also [2] , [20] ), the CM invariants are generalized to invariants for non-framed oriented colored spatial graphs whose valencies are more than or equal to three. These invariants are first defined for trivalent graphs and then generalized for graphs with vertices whose valencies are more than three. 
where · means the mirror image and · r means reversing the orientations of all edges. Using the following relation, we generalize the definition of · CM for graphs with vertices whose valencies are more than three:
where the surrounding edges have the same colors and orientations on the both sides and the orientation of the c colored edge is arbitrary. We call the value · CM a Yokota type invariant.
Due to the relation (14) in the following lemma, the Yokota type invariants are well-defined for non trivalent cases. For a vertex whose valency is more than three, expanding the vertex by using (13) recursively, it changes to a trivalent tree. The shape of the tree depends on the way to extend the vertex. The values of the result graphs are, however, the same because the trees are transformed to each other by a sequence of the move in the relation (14) . The similar relation for Yokota's invariants is shown in [20] . Proof. We prepare the following two formulas by using (4) and (2): •
Then we have where we use (8) for the second identity, (3) for the fourth identity and the two relations above for the third and sixth identities respectively.
We prove that · CM is actually an invariant for oriented colored spatial graphs. Proof. It is well-known that two diagrams of a spatial graph are transformed to each other by a sequence of five Reidemeister moves RI-RV which are in Figure 4 , where we assume that the surrounding edges of the both sides of each move have the same orientations and colors. We check the invariance of the Yokota type invariants for the Reidemeister moves. For the trivalent case, the invariance for the RII, RIII and RV moves comes from that of the CM invariants. The invariance for RI and RIV moves comes from direct calculations using the relations (5) and (6) respectively. For a graph with vertices whose valencies are more than three, by expanding the vertices, the graph becomes trivalent. Thus the invariance for the Reidemeister moves for this case is reduced to that of the trivalent case.
RI RII RIII
RIV RV Figure 4 . The Reidemeister moves for spatial graphs.
In Theorem 2.3, the value inside log( · ) of (12) is the value of the Yokota type invariants for the tetrahedron graph. Using the Yokota type invariants, we conjecture an extension of Theorem 2.3. Here, we take the absolute values of the Yokota type invariants to omit minus signs in case they appear.
In general, the Yokota type invariants are not well-defined for integer colors. We, however, expect that the Yokota type invariants of plane graphs are well-defined for integer colors (see Section 4).
Numerical calculations
By numerical calculations at near-integer colors, we observe that the Yokota type invariants seem to be well-defined at integer colors. We also observe the asymptotic behaviors of them. The calculations in this chapter was done by using the software Mthematica. The orientations of edges may not affect the values of the Yokota's invariants in the above formulas for the integer color case. This is because of Remark 2.4 and the invariance of the ranges of the summations in the formulas for reversing the orientations of adjacent edges, see the first paragraph of Appendix B.
We consider oriented colored square pyramid graphs Γ 1,n , Γ 2,n and oriented colored pentagonal pyramid graphs Γ 3,n , Γ 4,n corresponding to the following hyperbolic polyhedra:
, where all vertices of the square pyramid of Γ 1,n are truncated, the pyramids of Γ 2,n and Γ 3,n have truncated apexes and ideal bottom vertices, and the all vertices of the pentagonal pyramid of Γ 4,n are ideal. The colors become integers when n is an appropriate integer. For the integer colors, the formulas of the square and pentagonal pyramid graphs are likely to diverge to infinity because of the coefficients 2x + n 2x + 1 . When we do numerical calculations, we perturb the integer colors by using a small real number ε as above so that they satisfy admissible conditions at the trivalent vertices. We did the numerical calculations at ε = 10 −30 and observed the asymptotic behavior of the formulas for the pyramids. The results are in Table 1 , where we calculated until the order that our computer could and show the results to ninth decimal place. The hyperbolic volume of the square pyramid of Γ 1,n is calculated by cutting it into the two same doubly truncated tetrahedra and using the formula in [9] . The square pyramid of Γ 2,n is the half of the hyperbolic regular cube and its volume is calculated by using the formula in [10] . The hyperbolic pentagonal pyramids of Γ 3,n and Γ 4,n can be cut into the five same tetrahedra respectively by the five half planes each of which includes one side edge and is perpendicular to the base. The volumes of the tetrahedra are calculated by using the formula in [18] , for example. The results seem to n π/2n * log(| Γ converge to the volumes of the pyramids. These near-integer colors calculations also show that the formulas seem to be well-defined at integer colors. The results are not so strong supporting evidences for Conjecture 3.4. Finally, we propose a problem. The second half part comes from the π rotation of the first half part with respect to the horizontal line in the paper.
Appendix B. Proof of Lemma 2.5
According to [6] , we say that a triple of integers (i, j, k) is admissible if it satisfies the following conditions: 0 < i, j, k < n − 1, n − 1 < i + j + k < 2(n − 1) and
Let Γ be a framed oriented spatial trivalent graph with integer colors. Γ is called admissible if every triple of colors around the vertices is admissible. If (i, j, k) is admissible, (i, j, k), (i, j, k) and (i, j, k) are also admissible. This induces that if Γ is admissible, a graph obtained by reversing the orientation of an edge of Γ and having the same colors as Γ is also admissible. Thus the admissible condition of integer colored spatial graphs does not depend on the edge orientations. The formula of { · } tet is deformed for integer colors as follows: This is equal to the counterpart of the right hand side of (17) , and (15) holds. The relation (16) is proved similarly. This completes the proof of Lemma 2.5.
